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l. Introduction

This note addresses some of the basic concepts of physics with emphasis on items
needed to understand the fundamentals of geodesy. There are entire books on basic /
elementary physics, and these should be consulted for more information. It is assumed
that the reader is familiar with vectors. There is acompanion note on vectors.

1. The Big Ideas of Physics

There are 3 mgjor ideas that physics uses that are not common in everyday life:

1.

Scalars and Vectors

Most quantities are scalars (mass, density) or vectors (position, velocity,
force). Vectors are the new, important item. Vectors have a magnitude and
direction. It takes one number to specify ascalar. It takes 3 numbersto
specify avector.

Conserved Quantities

There are afew things that are conserved - they do not change with timein
aclosed (isolated) system. Mass, total energy, momentum, and angular
momentum are afew of these.

Rates of Change

Things are often related to each other through rates of change. This brings
inthe calculus. Forceisrelated to the rate of change of velocity with
respect to time (second derivative of position with respect to time) - that is
acceleration. Thisis Newton's second law. Forceisalso related to the rate
of change of potential energy with respect to position.

There are several other topics that are often covered in an elementary physics text
that will not be discussed here. These include waves (water wave, light waves etc.) and
the properties of large groups of items - temperature, heat energy etc. Waves are related
to oscillations. Oscillations are very common in nature because we are often operating



near an equilibrium (balanced forces) condition. Advanced physics covers many other
topics such asrelativity and quantum mechanics.

1. Newton's Laws of Motion

Isaac Newton published his three laws of motion in 1687. These relate the motion
of an object to theforcesonit. They do not address the origin of the forces. They just
give aprescription for computing motion when the forces are known.

Newton's First Law

In the absence of forces, an object maintains its velocity. If at rest, it remains at
rest. If in motion, it remainsin motion in the same direction and with the same
Speed.

Newton's Second Law

The force on abody is proportional to the mass times the acceleration.
F = ma
Here the acceleration &, isthe time rate of change of velocity, v. Thevelocity is

in turn the time rate of change of position, X . These values have little arrows over
them to indicate that they are vectors. A better way to expressthis equationis

F
m

= a

which isthe way the equation is normally used. The massis the constant that
relates agiven force to the rate of change of velocity that is produced.

Newton's Third Law

For every force thereis an equal and opposite force. Thissaysthat if Item-A acts

on Item-B with force F, , then Item-B acts on Item-A with aforce F, =- F,

Thetotal forcesin anisolated or closed system are zero. (Sometimes you have to
include alot of thingsto get all the itemsthat form the closed system.)



v Conserved Quantities

There are many things that are conserved in physics. The most important one are
total energy and momentum. For geodesy and satellite orbits the angular momentum also
IS important.

1. Total Energy

Energy isacommon quantity that we use and discuss in everyday life, butitis
also a subtle quantity in physics. It can exist in many forms. The most common form
discussed in elementary physicsis Kinetic Energy, or energy of motion. It is given by:

(There area severa different symbols used for kinetic energy, | use T here.) Notice that
kinetic energy isascalar. Energy, inall itsmany forms, isascalar.

A second form of energy introduced in elementary physicsis potential energy, V.
The most common example is the gravitational potential energy. We increase the
potential energy of an item if weraiseit up. (Move it further from the center of the earth.)
Near the earth's surface we can say that raising a mass m from height h; to height h
increases the gravitational potential energy by:

Dv. = mg(h,- h) .

Again energy isascalar. And also note that only the difference in potentia energiesis
computed. It isvery common to have no absolute reference for potential energies.
Differences are what are important. The force of gravity on an object ismg. Notice that

- _ DV DV
Fg =mg=- —=- —
m m Limit Dh=0

showing the relationship between the force of gravity and the potential change with
respect to position. This concept isvalid in general when the second form involving the
limit is used. (The spatial gradient operator in more mathematical terms, F=- NV).
This makes the object want to move to locations of lower potential energy.

In raising the object, we had to exert aforce. The force has avaue mg, the 'force
of gravity' the earth exerts on the object. We have done work on the object in the



technical sense. If werelease a height hy, the object falls. When it reaches the height h;
it will have lost all the potential energy we added in doing the work raising it. Thiswill
show up as kinetic energy. Equating the two, we can find the velocity there:

%va(h) = mg(h, - h).

Thisisjust one example of the utility of a conservation law. Notice that | have written
the velocity as function of height, v(h). Thuswe can use thisto find aformulafor the
velocity at different heights. We still do not know the time history of the object. For that
we need to use Newton's second law:

F _ mj
m m

=4,

which tells us that the acceleration is constant, is directed downward, and is equal to the
acceleration of gravity. (Animportant very subtle issue hereisin equating the resistance
to motion mass - called inertial mass - to the gravitational mass. Thisistrue to avery
high degree of accuracy but this wasn't validated by measurement until about 1900.)

** Note Wdl

In geodesy the gravity potential is not the same as physic's potential
energy.

a. It hasthe opposite sign. Thisremovesthe negative sign
from the gradient equation.

b. Itispotential per unit mass.

c. Rotational effects are included.

There are many other forms of energy. Heat energy is one common place "lost energy”
in asystem goes. The conservation of energy wasn't proved until the experiments of
Joule, Helmholtz and others about heat energy. Thiswas published only in 1847.
2. Momentum or Linear Momentum
The momentum of an object isgiven as
p=mv,
This isavector. The sum of the momentum of all the objectsin aclosed systemis

constant. Thisisadirect consequence of Newton'sthird law. Conservation of
momentum is commonly used in solving for the dynamicsin collisions.



3. Angular Momentum

Angular momentum is related to rotation. It is avector and commonly denoted as

L . It needs to have a origin of a coordinate system defined to be computed. So it might
be named angular momentum with respect to a particular origin, such as the center of the

earth. Whilethe values of L change with choice of origin, the conservation law holdsin
al systems. You just haveto use a consistent set of values. For rotating systems, the
center of rotation is usually used as the origin of the coordinates system.

Angular momentum is defined as using the vector cross product:
L = mr'v

where T isthe vector from the origin to the object, v isthe velocity and misthe mass. It
isavector perpendicular to the planeformed by T and Vv inthe direction of aright hand
screw rotating r intov. If T isparalel v then the angular momentum iszero. The
magnitude of the angular momentum is maximum when 7 is perpendicular tov, asitis
in circular motion.

V. Rates of Change (Derivatives) and Integrals

There are many places in physics where the rates of change occur. Thisisthe
derivative of calculus. It isnot hard to understand. Measure the speed of a car by placing
two sensor cables across the road as was done before the invention of the radar gun. The
time difference in the pulses as the car crosses the cables is the separation, s, divided by
the velocity averaged over the separation of the two sensor cables,

so the average velocity iss/Dt. Thisisan average velocity. As the cables come closer,
the measurement becomes closer to the instantaneous velocity of the car. Thislimit isthe
derivative.

Plot the graph of afunction as shown below. The cord, the line between two
points, has aslope that is the like the average velocity. Asthe length between the contact
points of the cord get shorter, the cord becomes the tangent line to the curve. There will
be a separate tangent line at each point. The slope of the tangent line is the derivative of
the curve. Thisexists at each point.
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Derivative of a Curve

Often we need to do the inverse of taking a derivative. Thisis done with the
integral of the curve. The fundamental theory of calculus says that "the integral isthe
inverse operation of the derivative".

i
f(x) = O& dx

Theintegral isthe area"under” the curve. In mathematical language, the integra
isthe limit of the areas of a series of boxes of width Dx and with height being f(x) at the
midpoint.

S = Jf(x,)Dx

Theintegral isthe limit of this sum where the width of the boxes goesto zero and the
number of boxes goesto infinity. The area under the curve is thus the signed sum of the
area, where the area below the axisis negative and that above is positive.
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Integral — Area Under Curve

There are two different types of integrals. Theintegral aboveis called a definite
integral. It isbetween two specific x values. You can also take the integral using a
variable for the upper limit. In this case you get a function, not a number.

The further details of the calculus can be found in many textbooks. Derivatives are
usually easy to compute. There are a series of runs that can be applied. The sameistrue
of integral, but they can be harder to find in atable. Y ou sometimes have to manipulate
them to get them into a standard form.

VI The Gradient

In physics, and in particular in considering the gravity field of the earth, a multi-
dimensional version of the derivativeisused. Thisiscalled the gradient operator and is

usually writtenas N . It actslike avector. A brief overview of this operator is given
here along with the few important properties for the geodesy application. For more
details, look at mathematics, physics or engineering text books.

Mathematically the gradient can be described in several ways. One of the easiest
isin terms of Cartesian components. (See the technical note on vectors for details on the
Cartesian representation of avector.)

If afunction depends on two or more variables, such as the position values of
latitude and longitude, then you can take the derivative with respect to each of these
independent variables assuming that the other variableis constant. Thisiscalled the
partial derivative. If f =f(X, y) then the partial derivative with respect to x iswritten as
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and the partial with respect to the second independent variable, y, as

i
Ty

Consider the following diagram of the height in some gentle rolling prairie.

Height In Two Dimensions

The height isour function f. It depends on two horizontal values called X and Y here.
For these fixed values we can plot graphsin 1 dimension.
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Below isacontour plot of the height. This shows lines of constant height or level. They
are also levels of equal gravitational potentia energy. The cutsfor the four lines plotted
are marked with dotted lines.
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Height Contour Plot
Showing Lines of Cut Plots

The derivatives (slope of the tangent lines) of the height along the cuts are partia
derivatives of the two dimensional figure. Thereisaderivative at each value of X inthe
left figure. Notice that the Y=0 cut is only afunction of X. Now we could have just as
easily takenthe Y cut at avalue of Y=3 or Y =5, which are the also shown. . Those
curves are different, the derivative (partial derivative of the 2-dimensional function) is
different from the Y=0 cut. So apartial derivativeis labeled with the values of both the
independent variables. The partials are functions over the same domain as the original
function. And there are two of them in the two dimensional case. For the three dimension
case there are three partial derivatives.

These two different partials are combined to form a vector, the gradient. The
gradient of f, isgiven by:

Nf = ﬂéx + Eéy
X Ty
_ @ T
g‘ﬂX’ Vg

where €, isthe unit vector in the x direction and €, istheunit vector inthey

direction. The second line is just another notation for the same vector. We see that the
gradient operator takes a scalar function and produces a vector.



The meaning of the gradient is simple: it is avector giving the slope of the two
dimensional (or three dimensional ) surface. Hereintwo dimensionsit isfairly easy to
interpret. It pointsin the direction of the maximum increase of the function. The length
of the vector is equal to the slopein that direction.

Now below isthe same contour plot, with small vectors added for the gradient. At each
point thereisagradient. We see several things.

1. The magnitude of the gradient is related to the slope of the surface. Where the
dopeislarge, the contour lines are close together. There the gradient is largest.

2. Note that the gradients are always perpendicular to the contour lines. Thisisa
key feature for geodesy.
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Height Contour Plot
Showing Gradient Vectors

The gradient point uphill in the direction of maximum slope. Thisisagradient of
height, but that is also agradient of gravitational potential energy. Because the forceis
given by

F=-NV

with anegative sign, the force is downhill. Where the gradient is high, it takes more
energy to climb the hill. Or water will flow downhill faster. Where the gradient is zero
thereisno forcein the X-Y plane.

10



